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Abstract
We consider an N = 4 supersymmetric gauge theory on a curved space. We
try to generalize Pestun’s localization calculation on the four-sphere to a more
general class of curved spaces. We calculated the Q-exact term to localize the
path-integral, and when it becomes positive definite, we obtain a configuration
where the path-integral localizes. We also evaluate the super Yang-Mills action
in this configuration.
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1 Introduction
An interesting duality between 4-dimensional supersymmetric gauge theory and 2-
dimensional conformal field theory was proposed by Alday, Gaiotto and Tachikawa(AGT)
[1]. In this duality, Nekrasov’s instanton partition function [2, 3] in 4d gauge theory
is equal to a conformal block in 2d conformal field theory. Moreover, when the equiv-
ariant parameters satisfy ǫ1 = ǫ2, the partition function on S
4 obtained by Pestun [4]
is equal to a correlation function of 2d Liouville theory with c = 25.
The localization method employed by Pestun [4] is a very powerful technique to
calculate exactly the partition function on S4, Wilson loops and ’tHooft loops. These
quantities were explored in [5, 6, 7, 8, 9, 10, 11, 12, 13]. This method was also applied
to other backgrounds [14, 15, 16]. It is also useful in the 3-dimensional supersymmetric
Chern-Simons theory [17] (See also [18] and references therein.).
One of the questions raised on AGT duality is what is the 4d counterpart of the
2d correlation function in the Liouville theory with central charges other than c = 25.
One possibility is that it corresponds to the partition function of the gauge theory on
another curved 4d space. Actually in 3-dimensions Hama, Hosomichi and Lee [19] have
calculated the partition functions on squashed S3 and have found that it is related to
the Liouville theory with c 6= 25. In 4-dimensions we will need to find some geometry
on which the partition function includes Nekrasov’s partition function with ǫ1 6= ǫ2.
Motivated by this problem we try to perform the localization procedure in a curved
4d spacetime in this paper. We formulate the N = 4 super Yang-Mills theory on a
curved background which is locally obtained by a Weyl transformation from the flat
background. We calculated the Q-exact term which will be used for the localization.
We found that the bosonic part of this term is not always positive definite. When it is
positive definite we found the field configuration on which the path integral localizes.
We also evaluate the super Yang-Mills action in this configuration.
The construction of this paper is as follows. In section 2 we set up the notation
and the SUSY gauge theory on the curved background. In section 3 we will show the
explicit form of the Q-exact term and discuss its meaning. Section 4 is devoted to
discussions. In appendix A the detailed calculation of the Q-exact term is given.
2 Set up
In this section we will set up the theory. We mainly follow the notation of [4].
2
2.1 The fields and the action
The N = 4 theory can be obtained by the dimensional reduction from 10-dimensional
super Yang-Mills theory. In 4 dimensions, we have the gauge fields Aµ, µ = 1, 2, 3, 4,
the scalar fields ΦA, A = 5, 6, . . . , 9, 0 and the spinor fields Ψ.
Let us start with the N = 4 SYM on the flat 4-dimensional Euclidean space.
The fields and the gamma matrices in flat space are denoted by the hatted notations
Âµ, Ψ̂, Φ̂A, Γ̂
M . The action of the SYM theory with the gauge coupling constant gYM
in the 4-dimensional Euclidean space is given by
S =
1
g2YM
∫
d4xTr′
[
1
4
F̂µνF̂
µν +
1
2
DµΦ̂AD
µΦ̂A +
1
4
[Φ̂A, Φ̂B][Φ̂
A, Φ̂B]
− 1
2
Ψ̂Γ̂µDˆµΨ̂− 1
2
Ψ̂Γ̂A[Φ̂A, Ψ̂]
]
. (2.1)
Here Tr′[·] := −2 trN [·] for SU(N) gauge group3. For the other simple gauge groups,
Tr′ is defined such that it gives the positive definite inner product.
In this paper we will consider the curved space whose metric is given by gµν =
e2Ω(x)δµν with some Weyl factor e
2Ω(x). The N = 4 SYM action in this space is
obtained by the following simple redefinition of the fields.
Âµ = Aµ, Ψ̂ = e
3
2
ΩΨ, Φ̂A = e
ΩΦA,
Γ̂µ = eΩΓµ, Γ̂A = ΓA. (2.2)
The action (2.1) is rewritten by these new fields as
S =
1
g2YM
∫
d4x
√
gTr′
[
1
4
gµρgνσFµνFρσ +
1
2
gµνDµΦADνΦ
A +
1
12
RΦAΦ
A
+
1
4
[ΦA,ΦB][Φ
A,ΦB]− 1
2
ΨΓµDµΨ− 1
2
ΨΓA[ΦA,Ψ]
]
,(2.3)
where R is the scalar curvature expressed in our space as
R = −6gµν(∂µΩ∂νΩ + ∂µ∂νΩ), (2.4)
and DµΨ is covariant in both the gauge transformation and the local rotation; it is
defined as
DµΨ = ∂µΨ+ [Aµ,Ψ] +
1
4
ωabµ ΓabΨ. (2.5)
3We put the factor 2 here since it is rather common convention in the literature.
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Here a, b are the labels of the local orthonormal basis, and ωabµ denotes the spin con-
nection. If we put the explicit form of the Levi-Civita connection into this covariant
derivative, the Dirac operator can be simplified as
ΓµDµΨ = Γ
µ∂µΨ+ Γ
µ[Aµ,Ψ] +
3
2
Γµ∂µΩΨ. (2.6)
The covariant derivative for the scalar field is defined as the usual way DµΦA =
∂µΦA + [Aµ,ΦA].
2.2 Supersymmetry
The action (2.3) is invariant under the superconformal transformation.
δAµ = ǫΓµΨ, (2.7a)
δΦA = ǫΓAΨ, (2.7b)
δΨ =
1
2
FµνΓ
µνǫ+DµΦAΓ
µAǫ+
1
2
[ΦA,ΦB]Γ
ABǫ+
1
2
ΓµAΦA∇µǫ. (2.7c)
Here the superconformal transformation parameter ǫ is given by4
ǫ = e
1
2
Ωǫˆ = e
1
2
Ω(ǫs + x
µΓ̂µǫc), (2.8)
where ǫs and ǫc are constant spinors with 16 components. It is convenient to introduce
the spinor denoted by ǫ˜ defined by the following relation.
∇µǫ = Γ˜µǫ˜. (2.9)
This ǫ˜ can be explicitly written as
ǫ˜ = e−Ω
1
2
∂νΩδ
νaΓaǫ+ e
−
1
2
Ωǫc. (2.10)
By using this notation, the superconformal transformation law for the spinor (2.7c)
can be rewritten as
δΨ =
1
2
FµνΓ
µνǫ+DµΦAΓ
µAǫ+
1
2
[ΦA,ΦB]Γ
ABǫ− 2ΦAΓ˜Aǫ˜. (2.11)
4These superconformal transformation parameters are bosonic in the convention in this paper.
Thus δ is fermionic.
4
2.3 Wilson loop and off-shell supersymmetry
The observable we will consider in this paper is the expectation value of a 1/2 BPS
Wilson loop. This Wilson loop has a circular shape in flat space. This circle is
parameterized with the parameter α as
xµ(α) = (t cosα, t sinα, 0, 0), (2.12)
where t is the radius of the circle. The 1/2 BPS Wilson loop with this trajectory is
defined by
WR = Tr
R
P exp
∮
dα
(
Aµx˙
µ + Φ0
√
gµν x˙µx˙ν
)
, x˙µ :=
dxµ
dα
. (2.13)
This operator preserves half of the supersymmetry. In other words, this operator is
invariant under the superconformal transformation with the parameter which satisfies
the relation
ǫc =
1
t
Γ012ǫs. (2.14)
This relation kills half of the supercharges and lets the others survive.
In order to use the localization method, we need a fermionic symmetry generator
which is closed off-shell. Let us fix the parameter ǫ such that it satisfies the condition
(2.14) and
Γ1234ǫs = −ǫs, Γ5678ǫs = +ǫs, ǫsΓ0ǫs = ǫsΓ9ǫs = 1. (2.15)
It was found in [4] that this supersymmetry can extended to off-shell by introducing
auxiliary scalar fields Ki, i = 1, . . . , 7. The action is given by
S =
1
g2YM
∫
d4x
√
gTr′
[
1
4
FMNF
MN +
1
12
RΦAΦ
A − 1
2
ΨΓMDMΨ− 1
2
KiKi
]
. (2.16)
Here we use labels M,N = 1, 2, . . . , 9, 0 and combine some of the terms. This action
(2.16) is equivalent to the original theory (2.3) since by integrating out Ki one will
obtain the action (2.3). The action (2.16) has an off-shell supersymmetry Q
QAM = ǫΓMΨ, (2.17a)
QΨ =
1
2
FMNΓ
MN ǫ− 2ΦAΓ˜Aǫ˜+Kiνi, (2.17b)
QKi = −νiΓMDMΨ, (2.17c)
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where νi, i = 1, . . . , 7 are spinors related to ǫ and satisfy
ǫΓMνi = 0, (2.18a)
1
2
(ǫΓMǫ)Γ˜
M
αβ = ν
i
αν
i
β + ǫαǫβ, (2.18b)
νiΓ
Mνj = δijǫΓ
Mǫ. (2.18c)
We use this supersymmetry to the localization in the next section.
3 Localization
We would like to introduce a method of localization, which allows us to evaluate the
infinite-dimensional integral by computing the usual finite-dimensional integral. The
basic idea of the localization is as follows. First let us deform the action by a Q-exact
term.
Zτ =
∫
DADΨ e−S−τQV . (3.1)
The derivative of Zτ by τ turns out to be zero, and thus Zτ is τ independent. Therefore
we may evaluate it for whatever τ we want. Usually it is convenient to take the limit
τ →∞.
Z =
∫
DADΨ e−S = lim
τ→∞
∫
DADΨ e−S−τQV . (3.2)
As a result this integral is given by contributions from configurations which satisfy
QV = 0 and the 1-loop integral around them.
In this paper we choose V as follows:
V =
∫
d4x
√
gTr′(QΨΨ) =: (QΨΨ). (3.3)
Here we use the simplified notation. We want to calculate the bosonic part of QV
which is denoted by SQbos.
S
Q
bos = QV |bosonic = (QΨQΨ). (3.4)
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The detailed calculation is shown in appendix A. The result is given by
S
Q
bos = e
Ω(F+ + w+Φ9)
2 + (B − eΩ)(F− + w−Φ9)2 − B
(
Ki +
2
B
Φ0νiǫ˜
)2
+B
{
DmΦi +
1
B
(Φi∂mB + fmjiΦ
j)
}2
−B
(
DµΦ0 + Φ0
∂µB
B
)2
+B
(
DµΦ9 + Φ9
∂µB
B
)2
+B[Φ0,Φi][Φ
0,Φi] +B[Φ0,Φ9][Φ
0,Φ9] +
1
2
B[Φi,Φj ][Φ
i,Φj]
+
[(
1
t2
+
1
x2
)
64Y 212 −
1
B
∂µB∂
µB
]
Φ29
− 1
B
{
−3(ǫ˜ǫ)2 + 3
2
∂µB∂
µB + 3B · ǫ˜Γ˜0ǫ˜
}
Φ2i . (3.5)
Here we use the notation
B := ǫΓ0ǫ = eΩ
(
1 +
x2
t2
)
, (3.6)
fmij := ǫ˜Γ0mijǫ, m = 1, 2, 3, 4, 9, i, j = 5, 6, 7, 8, (3.7)
wab+ := −
1
eΩ
ǫ˜LΓ09abǫL, (3.8a)
wab
−
:= − 1
B − eΩ ǫ˜
RΓ09abǫR, (3.8b)
W ab := e−
1
2
Ω1
2
∂νΩδ
νaxb, (3.9a)
Y ab :=W [ab]|self-dual. a, b = 1, 2, 3, 4. (3.9b)
ǫL,R and ǫ˜L,R are also defined by
ǫ = ǫL + ǫR, ǫ˜ = ǫ˜L + ǫ˜R,
Γ1234ǫL = −ǫL, Γ1234ǫR = +ǫR,
Γ˜1234ǫ˜L = −ǫ˜L, Γ˜1234ǫ˜R = +ǫ˜R.
(3.10)
This SQbos in eq. (3.5) is not always positive-definite because of the last two terms. The
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positive-definiteness of SQbos requires the conditions[(
1
t2
+
1
x2
)
64Y 212 −
1
B
∂µB∂
µB
]
Φ29 ≥ 0, (3.11)
− 1
B
{
−3(ǫ˜ǫ)2 + 3
2
∂µB∂
µB + 3B · ǫ˜Γ˜0ǫ˜
}
≥ 0. (3.12)
When both of these conditions are satisfied, the path integral has contributions
from the zeros of SQbos:
S
Q
bos = 0 −→
{
Φ0 =
a
B
, Φi = Φ9 = 0, Ki = −2νiǫ˜B2 a
others = 0
, (3.13)
where a is a constant element of the gauge Lie algebra. Substituting these values of
fields, the action at this critical point is calculated as
g2YMS =
∫
d4x
√
gTr′
[
−1
2
∂µΦ0∂
µΦ0 − R
12
Φ0 − 1
2
K2i
]
= (Tr′a2)
∫
d4x
√
g
1
B2
[
2
ǫ˜Γ˜0ǫ˜
B
− R
12
]
. (3.14)
In this equation ǫ˜Γ˜0ǫ˜ is evaluated as
ǫ˜Γ˜0ǫ˜ = −M
2 + 4Y 2
t2
− e
Ω
4
∂µΩ∂
µΩ, (3.15)
where M is defined as M := δabW
ab+ e−
1
2
Ω. The scalar curvature of the space is given
in eq. (2.4). The Yang-Mills action S at the configuration (3.13) becomes
g2YMS = −(Tr′a2)
∫
d4x
√
g
e−2Ω
B2
[
2(xµ∂µΩ+ 1)
t2(1 + x
2
t2
)
− 1
2
δµν∂µ∂νΩ
]
. (3.16)
In order to evaluate the path-integral, we also have to consider the 1-loop determi-
nants around these critical configurations. This problem will be discussed in a future
work.
4 Discussion
In this paper we discussed an N = 4 supersymmetric gauge theory on a curved back-
ground and the localization. We calculated the Q-exact term and found the condition
for positive-definiteness. We also found the critical configuration and the value of the
super Yang-Mills action in this configuration.
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The class of backgrounds we consider in this paper includes AdS2 × S2 and AdS4.
e−2Ω = 1 +
1
16r4
(x2)2 − 1
2r2
(x21 + x
2
2 − x23 − x24), (AdS2 × S2), (4.1)
e−2Ω =
(
1− x
2
4r2
)2
, (AdS4), (4.2)
where r is a constant. In particular AdS2 × S2 is the near horizon geometry of a
4-dimensional BPS black hole solution of N = 2 supergravity. The partition function
on this background may be related to black hole statistical mechanics as pointed
out in [14]. The black hole partition function is conjectured to be related to the
absolute square value of the topological string partition function [20]. Furthermore
the topological string partition function is Nekrasov’s instanton partition function
with ǫ1 = −ǫ2 for a certain non-compact Calabi-Yau manifold. Therefore it is natural
to expect that the partition function of the SUSY gauge theory on AdS2×S2 is related
to the c = 1 Liouville theory. Unfortunately our Q-exact term is not positive-definite
in these backgrounds. Thus we should find another good Q-exact term to investigate
these backgrounds.
In the S4 case, instantons localize at the North pole and anti-instantons localize
at the South pole [4]. Let us guess from our result where the instantons and anti-
instantons localize in other curved backgrounds. Let us first consider AdS4. It is
convenient to introduce a new coordinate ρ by
√
x2 = 2r
sinh ρ
cosh ρ+ 1
. (4.3)
Then the metric obtained by the Weyl rescaling by (4.2) can be written as
ds2AdS4 = dρ
2 + sinh2 ρdΩ23, (4.4)
where dΩ23 is the metric of the unit three-sphere. On this space the function B(x)
becomes
B(x) := eΩ
(
1 +
x2
t2
)
= eΩ
(
1 +
x2
4r2
)
, t = 2r, (4.5)
1 +
x2
4r2
=
2 cosh ρ
cosh ρ+ 1
. (4.6)
The location where instantons or anti-instantons localize is read off from the first and
second terms of eq. (3.5); instantons localize at eΩ = 0 and anti-instantons localize at
B− eΩ = 0. In the case of AdS4, eΩ = 12(cosh ρ+1) never becomes zero. On the other
hand, B − eΩ is calculated as
B = cosh ρ, (4.7)
B − eΩ = 1
2
(cosh ρ− 1), (4.8)
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and it becomes zero when
B − eΩ = 0←→ ρ = 0. (4.9)
Thus anti-instantons will localize at the center of AdS4.
Second, AdS2×S2 obtained by eq. (4.1) is formulated by the following metric with
the coordinates (ρ, θ, ψ, φ)
ds2AdS2×S2 = r
2(dρ2 + sinh2 ρdψ2 + dθ2 + sin2 θdφ2). (4.10)
The coordinates (ρ, θ, ψ, φ) are related to the coordinates xµ by
sin θ = 4r
√
x23 + x
2
4√
(x2 − 4r2)2 + 16r2(x23 + x24)
,
sinh ρ = 4r
√
x21 + x
2
2√
(x2 − 4r2)2 + 16r2(x23 + x24)
,
tanψ =
x2
x1
, tanφ =
x4
x3
.
(4.11)
The function B in this background can be written as
B = eΩ
(
1 +
x2
4r2
)
=
cosh ρ− cos θ
2
2 cosh ρ
cosh ρ− cos θ = cosh ρ. (4.12)
The instanton configuration localizes at eΩ = 0.
eΩ =
1
2
(cosh ρ− cos θ) = 0. (4.13)
This is the center of AdS2 and the North pole of S
2. On the other hand, the anti-
instanton configuration localizes at
B − eΩ = cosh ρ+ cos θ
2
= 0. (4.14)
This is the center of AdS2 and the South pole of S
2. This picture is quite similar to
[21, 22]
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A Detailed calculation
The purpose of this appendix is to calculate SQbos, namely, the derivation of S
Q
bos and
rewriting it into the complete square form.
A.1 Derivation of S
Q
bos
We develop the deformation term of the action SQ to use the localization method.
Especially the bosonic term SQbos is an important factor in determining the configuration
of the fields.
The form of the functional V can be written in the same way as [4]:
V = (QΨ Ψ)
=
∫
d4x
√
gTr′
(1
2
ǫΓ0ΓNMFMN + 2ΦAǫ˜Γ˜
0ΓA −KiνiΓ0
)
Ψ. (A.1)
In the second line the integral and trace are written explicitly. For the sake of sim-
plicity, we omit these symbols.
The bosonic part of SQ is given by
S
Q
bos := QV |bos = (QΨ QΨ), (A.2)
where QΨ is given in eq.(2.17b)
QΨ =
1
2
FMNΓ
MN ǫ− 2ΦAΓ˜Aǫ˜+Kiνi, (A.3)
and QΨ is defined by
QΨ :=
1
2
FMN Γ˜
MNΓ0ǫ+ 2ΦAΓ
AΓ˜0ǫ˜−KiΓ0νi, (A.4a)
QΨ
T
=
1
2
FMNǫΓ
0ΓNM + 2ΦAǫ˜Γ˜
0ΓA −KiνiΓ0. (A.4b)
Here the parameter ǫ satisfies the following conditions
ǫ = e
1
2
Ω(ǫs + x
aΓ˜aǫc), (A.5a)
ǫ˜ = e−
1
2
Ω
(
1
2
∂νΩδ
νaΓa(ǫs + x
bΓ˜bǫc) + ǫc
)
. (A.5b)
Γ1234ǫs = −ǫc, Γ5678ǫs = +ǫs, (A.6a)
Γ˜1234ǫc = −ǫc, Γ˜5678ǫc = +ǫc, (A.6b)
ǫc =
1
t
Γ012ǫs. (A.6c)
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Substituting eqs.(A.3),(A.4), SQbos is obtained as summation of the following six terms.
SFF =
1
4
FMNFPQǫΓ
0ΓNMΓPQǫ =
1
2
BFMNF
MN − 1
4
FMNFPQǫΓ
0ΓMNPQǫ, (A.7)
SΦΦ = −4ΦAΦB ǫ˜Γ˜0ΓAΓ˜B ǫ˜ = −4ΦAΦAǫ˜Γ˜0ǫ˜, (A.8)
SKK = −KikjνiΓ0νj = −BKiKi, (A.9)
SFΦ = −fMNΦAǫΓ0ΓNM Γ˜Aǫ˜+ ΦAFPQǫ˜Γ˜0ΓAΓPQǫ
= FMNΦAǫ˜
(
Γ˜AΓ˜NMΓ0 + Γ˜0ΓAΓMN
)
ǫ, (A.10)
SΦK = 2ΦAKj ǫ˜Γ˜
0ΓAνj +Kj2ΦAνiΓ
0Γ˜Aǫ˜
= 4Φ0Kiǫ˜νi, (A.11)
SFK =
1
2
FMNKjǫΓ
0ΓNMνj −Kj 1
2
FMNνjΓ
0ΓMNǫ
=
1
2
FMNKjǫ
(
− Γ0ΓMN + Γ˜MNΓ0
)
νj
= −2FMNgM0KjǫΓNνj
= 0. (A.12)
In the last equality we use the formula (2.18a). In these equations we use the notation
B(x) := ǫΓ0ǫ = eΩ(x)
(
1 +
x2
t2
)
.
If the spacetime is S4 as in [4], B(x) = 1, otherwise in general B(x) depends on x.
S
Q
bos is sum of these terms
S
Q
bos = SFF + SΦΦ + SKK + SFΦ + SΦK + SFK . (A.13)
Let us calculate the terms (A.7) and (A.10) in detail.
A.1.1 Calculation of SFF
The indices are classified into classes: four-dimensional space-time, µ, ν, · · · = 1, 2, 3, 4,
extra-dimensional coordinates, i, j, · · · = 5, 6, 7, 8 and 0, 9. The possible combinations
of the indices are listed as
{M,N, P,Q} = {µ, ν, ρ, σ}, {9, µ, ν, ρ}, {0, µ, ν, ρ},
{i, j, k, l}, {9, µ, i, j}, {µ, ν, i, j}. (A.14)
The results of each terms are shown here.
12
i). {M,N, P,Q} = {µ, ν, ρ, σ}
− 1
4
FMNFPQǫΓ
0ΓMNPQǫ = −1
4
FMNFPQǫΓ
0ΓMNPQǫ
= −1
2
(B − 2eΩ)Fµν ∗ F µν , (A.15)
ii). {M,N, P,Q} = {9, µ, ν, ρ}
4×
(
−1
4
)
F9µFνρǫΓ
0Γ˜9µνρǫ = 4ǫ˜Γ90ΓµνǫΦ9Fµν , (A.16)
iii). {M,N, P,Q} = {0, µ, ν, ρ}
4×
(
−1
4
)
F0µFνρǫΓ
0Γ˜0µνρǫ = F0µFνρǫΓ
µνρǫ = 0, (A.17)
iv). {M,N, P,Q} = {i, j, k, l}
−1
4
FijFklǫΓ
0Γijklǫ = −1
4
Fijǫ
ijklFklǫΓ
0Γ5678ǫ = 0, (A.18)
v). {M,N, P,Q} = {9, µ, i, j}
4× 3×
(
−1
4
)
ǫΓ0Γ0µijǫF9µFij = 8ǫ˜Γ
09ijǫ[Φ9,Φj]Φi, (A.19)
vi). {M,N, P,Q} = {µ, ν, i, j}(
4
2
)(
−1
4
)
ǫΓ0ΓµνijǫFµνFij = −6ǫ˜Γ˜0Γ˜ijΓ0ǫΦiDνΦj . (A.20)
Summarizing the above results of i)-vi), we obtain the gauge field part of SQbos.
SFF =
1
2
BFMNF
MN +
1
2
(2eΩ − B)Fµν ∗ F µν
−4ǫ˜Γ09ΓµνǫΦ9Fµν + 8ǫ˜Γ09ijǫΦi[Φ9,Φj]− 6ǫ˜Γ˜νΓ˜ijΓ0ǫΦiDνΦj . (A.21)
A.1.2 Calculation of SFΦ
The SFΦ term
FMNΦAǫ˜(Γ˜
AΓ˜NMΓ0 + Γ˜0ΓAΓMN)ǫ (A.22)
is divided into three cases according to the index A. The resulting non-zero contribu-
tions are the following cases.
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i). A = 0
SFΦ = FMNΦ0ǫ˜(Γ˜
0Γ˜NM − ΓMN )ǫ
= 2F0µΦ0∂
µB (only M = 0,N = µ case do not vanish.) (A.23)
ii). A = 9
The non-vanishing cases are M = 9, N 6= 9 and (M,N) = (µ, ν), (i, j). These
results are
FMNΦ9ǫ˜(Γ˜
9Γ˜NMΓ0 + Γ˜0Γ9ΓMN)ǫ = F9NΦ9(−2∂NB),
FMNΦ9ǫ˜(Γ˜
9Γ˜NMΓ0 + Γ˜0Γ9ΓMN)ǫ = 2FµνΦ9ǫ˜Γ˜
0Γ9Γµν + 2FijΦ9ǫ˜Γ˜
0Γ9Γijǫ,
(A.24)
respectively.
iii). A = i
The non-zero cases are M = j, N = µ and M = j, N = 9. These results are
− 4ΦiDµΦj ǫ˜Γ0ijµǫ+ 2ΦjDµΦj∂µB,
− 4Φi[Φ9,Φj]ǫ˜Γ09ijǫ, (A.25)
respectively.
Gathering the results i)-iii), we obtain the result as follows:
SFΦ = F0µΦ0∂
µB − 2F9NΦ9∂NB − 2FjµΦj∂µB
+2FµνΦ9ǫ˜Γ
09µνǫ − 6Φi[Φ9,Φj ]ǫ˜Γ09ijǫ− 4Φi(DµΦj)ǫ˜Γ0ijµǫ. (A.26)
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Finally, we obtain the following deformation term.
S
Q
bos = SFF + SΦΦ + SKK + SFΦ + SΦK + SFK
=
1
2
BFMNF
MN +
1
2
(2e2Ω −B)Fµν ∗ F µν
−4ǫ˜Γ09µνǫΦ9Fµν + 8ǫ˜Γ09ijǫ[Φ9,Φi]
−4ΦAΦAǫ˜Γ˜0ǫ˜+ 6ǫ˜Γ0νijǫΦiDνΦj − 4ΦAΦAǫ˜Γ˜0ǫ˜− BKiKi
+2Φ0F0µ∂
0B − 2Φ9F9N∂NB − 2ΦjFjµ∂µB
+2ǫ˜Γ09µνǫΦ9Fµν − 6ǫ˜Γ09ijǫΦi[Φ9,Φj]− 4ǫ˜Γ0µijǫΦiDµΦj
−4Φ0Kj ǫ˜νj (A.27)
=
1
2
BFµνF
µν +BDµΦAD
µΦA +
1
2
B[ΦA,ΦB][Φ
A,ΦB] +
1
2
(2e2Ω −B)Fµν ∗ F µν
−2ǫ˜Γ09µνǫΦ9Fµν + 2ǫ˜Γ0mijǫDmΦj
−4ΦAΦAǫ˜Γ˜0ǫ˜+ 2ΦADµΦA∂µB − 4KiΦ0νiǫ˜− BKiKi. (A.28)
where we used in the last line the identity derived from FAµ = −DµΦA and the relation
2Φ0F0µ∂
0B − 2Φ9F9N∂NB − 2ΦjFjµ∂µB = Dµ(ΦAΦA)∂µB. (A.29)
A.2 Completing the square of S
Q
bos
In preparation we calculate various spinor bilinears and their products. The ǫL,R and
ǫ˜L,R defined in eq. (3.10) are explicitly written as follows.
ǫL = e
1
2
Ωǫs, ǫ
R = e
1
2
ΩxaΓ˜aǫc, (A.30a)
ǫ˜L = Y abΓ˜abǫc +Mǫc, ǫ˜
R = e−
1
2
Ω1
2
∂νΩδ
νaΓaǫs, (A.30b)
where Y ab,M, (a, b = 1, 2, 3, 4) are defined as
W ab := e−
1
2
Ω1
2
∂νΩδ
νaxb, (A.31a)
Y ab :=W [ab]|self-dual, (A.31b)
M := δabW
ab + e−
1
2
Ω. (A.31c)
The following formulas are quite useful.
ζΓMNP ζ = 0 for any ζ, ǫcǫs = 0, ǫsΓ
0ǫs = 1, ǫcΓ˜
0ǫc = − 1
t2
,
ǫcΓ12ǫs = ǫcΓ34ǫs = 1, ǫcΓabǫs = 0 if [ab] 6= [12], [34]
(A.32)
15
The relation below with arbitrary spinors η, ξ, ζ can be derived from the triality iden-
tity.
ηΓMηξΓ
Mζ = −2ηΓMξηΓMζ. (A.33)
We also need the product of bilinears including νi
νiǫ˜νiǫ˜ = −Bǫ˜Γ˜0ǫ˜− 1
4
∂µB∂
µB. (A.34)
We define
fmij := ǫ˜Γ0mijǫ, m = 1, 2, 3, 4, 9, i, j = 5, 6, 7, 8. (A.35)
The square of this quantity is
fmijfmik = δjk
{
−3(ǫ˜ǫ)2 + 1
2
∂µB∂
µB − B · ǫ˜Γ˜0ǫ˜
}
, (A.36)
ǫ˜Γ˜0ǫ˜ = −M
2 + 4Y 2
t2
− e
Ω
4
∂µΩ∂
µΩ. (A.37)
Other bilinears made of ǫ and ǫ˜ are calculated as
ǫ˜LǫL = ǫ˜RǫR = −4
t
e
1
2
ΩY12, (A.38)
ǫ˜ǫ = ǫ˜LǫL + ǫ˜RǫR = −8
t
e
1
2
ΩY12, (A.39)
ǫLΓ0ǫL = eΩ, ǫRΓ0ǫR =
x2
t2
eΩ = B − eΩ, (A.40)
ǫ˜LΓ˜0ǫ˜L = − 1
t2
(M2 + 4Y abY ab), ǫ˜RΓ˜0ǫ˜R = −1
4
eΩ∂µΩ∂
µΩ, (A.41)
ǫ˜Γ˜0ǫ˜ = −
[
M2 + 4Y abY ab
t2
+
1
4
eΩ∂µΩ∂
µΩ
]
. (A.42)
It is convenient to define the quantities wab+ , w
ab
−
, (a, b = 1, 2, 3, 4) by
wab+ := −
1
eΩ
ǫ˜LΓ09abǫL, (A.43a)
wab
−
:= − 1
B − eΩ ǫ˜
RΓ09abǫR, (A.43b)
and the squares of them are calculated as
e2Ω(w+)
2 = ǫ˜LΓ09abǫLǫ˜LΓ09abǫL = 4(ǫ˜LǫL)2 − 8(ǫ˜LΓ09ǫL)2 − 4ǫ˜LΓ˜0ǫ˜LǫLΓ0ǫL, (A.44a)
(B − eΩ)2(w−)2 = ǫ˜RΓ09abǫRǫ˜RΓ09abǫR = 4(ǫ˜RǫR)2 − 8(ǫ˜RΓ09ǫR)2 − 4ǫ˜RΓ˜0ǫ˜RǫRΓ0ǫR.
(A.44b)
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We need to calculate the bilinears of the following in order to complete the calculation
of the above
ǫ˜LΓ09ǫL = −ǫ˜RΓ09ǫR = 4
t
e
1
2
ΩY12. (A.45)
The results for (w+)
2, (w−)
2 are obtained by using eqs.(A.40),(A.41),(A.44),(A.45),
eΩ(w+)
2 = −64
t2
Y 212 − 4ǫ˜LΓ˜0ǫ˜L, (A.46a)
(B − eΩ)(w−)2 = −64
x2
Y 212 − 4ǫ˜RΓ˜0ǫ˜R. (A.46b)
We would like to rewrite the deformation term of the action, SQbos, into the sum-
mation of positive definite terms. Let us put labels I to X to the terms in eq.(A.28)
as
S
Q
bos =
1
2
BFµνF
µν +BDµΦAD
µΦA +
1
2
B[ΦA,ΦB][Φ
A,ΦB] +
1
2
(2eΩ −B)Fµν ∗ F µν
−2ǫ˜Γ09µνǫΦ9Fµν + 2fmijΦiDmΦj
−4ΦAΦAǫ˜Γ˜0ǫ˜+ 2ΦADµΦA∂µB − 4KiΦ0νiǫ˜−BKiKi
=: I + II + III + IV
+V + V I
+V II + V III + IX +X. (A.47)
We combine some of the terms and completing square. First we manipulate the terms
with gauge fields and Φ9.
I + IV + V + V II|A=9 = 1
2
BFµνF
µν +
1
2
(2eΩ − B)Fµν ∗ F µν − 2ǫ˜Γ09µνǫΦ9Fµν − 4Φ29ǫ˜Γ˜0ǫ˜
= eΩ(F+ + w+Φ9)
2 + (B − eΩ)(F− + w−Φ9)2
− {eΩ(w+)2 + (B − eΩ)(w−)2 + 4ǫ˜Γ˜0ǫ˜}︸ ︷︷ ︸
=−( 1
x2
+ 1
t2
)64Y 2
12
Φ29, (A.48)
where we use eqs.(A.46).
Second we take the terms with Ki and Φ0
IX +X + V II|A=0 = −BKiKi − 4Φ0νiǫ˜Ki + 4ǫ˜Γ˜0ǫ˜Φ20
= −B
(
Ki +
2
B
Φ0νiǫ˜
)2
+
{
4
B
(νiǫ˜)(νiǫ˜) + 4ǫ˜Γ˜
0ǫ˜
}
Φ20. (A.49)
This equation can be further simplified if we use eq.(A.34).
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Third, the terms with ΦA is rewritten as
II + V III = BDµΦAD
µΦA + 2ΦADµΦ
A∂µB
= B
(
DµΦA +
∂µB
B
ΦA
)2
− 1
B
ΦAΦ
A∂µB∂
µB. (A.50)
Finally, there are the remaining terms III+V I+V II|A=i. Completing the square
form of SQbos leaves
S
Q
bos = e
Ω(F+ + w+Φ9)
2 + (B − eΩ)(F− + w−Φ9)2 − B
(
Ki +
2
B
Φ0νiǫ˜
)2
+B
{
DmΦi +
1
B
(Φi∂mB + fmjiΦ
j)
}2
−B
(
DµΦ0 + Φ0
∂µB
B
)2
+B
(
DµΦ9 + Φ9
∂µB
B
)2
+B[Φ0,Φi][Φ
0,Φi] +B[Φ0,Φ9][Φ
0,Φ9] +
1
2
B[Φi,Φj ][Φ
i,Φj]
+
[(
1
t2
+
1
x2
)
64Y 212 −
1
B
∂µB∂
µB
]
Φ29
− 1
B
{
−3(ǫ˜ǫ)2 + 3
2
∂µB∂
µB + 3B · ǫ˜Γ˜0ǫ˜
}
Φ2i . (A.51)
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